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ABSTRACT 
Quantum mechanical c a l c u l a t i o n s ,  based on the  Lennard-Jones 
(12,6) p o t e n t i a l ,  a r e  presented showing the  dependence of the  reduced 
phase s h i f t ,  7* , on t h e  quantum parameter,  h* , for  a f ixed  
reduced e f f e c t i v e  p o t e n t i a l  and var ious  reduced ene rg ie s ,  E". The 
observed o s c i l l a t o r y  behavior of ?*[.') i s  due p r imar i ly  t o  the  
i n c l u s i o n  of t he  p h y s i c a l l y  unimportant c o n t r i b u t i o n  of wv t o  t he  
phase s h i f t ,  where i s  t h e  number of quasi-bound ( v i r t u a l )  s t a t e s  
of energy l e s s  than E*. A modified reduced phase s h i f t ,  ?* 9 
def ined  by exc luding  t h i s  con t r ibu t ion ,  d i sp l ays  only t h e  sharp  
i n f l e c t i o n s  a s soc ia t ed  wi th  b a r r i e r  p e n e t r a t i o n  under resonance 
cond i t ions .  Except f o r  t he  resonance con t r ibu t ion ,  the phase s h i f t s  
may be a c c u r a t e l y  reproduced by a second-order JWKB procedure.  This  
method a l s o  a c c u r a t e l y  p r e d i c t s  t h e  resonant  ene rg ie s  ( i . e .  the  
e n e r g i e s  of the  quasi-bound s t a t e s ) .  The f i r s t - o r d e r  JWKB t reatment  
of the  b a r r i e r  p e n e t r a t i o n  problem by Ford, H i l l ,  Wakano, and Wheeler 
s u f f i c e s  f o r  the  purpose of e s t ima t ing  the  l e v e l  widths  and l i fe t imes 
of the  v i r t u a l  s ta tes  a s  w e l l  a s  the  main f e a t u r e s  of t he  resonant  
phase s h i f t s ,  bu t  does not  accu ra t e ly  reproduce the  quan ta l  c a l c u l a t i o n s .  
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In t roduc t ion  
I n  the  p re sen t  paper,  we p resent  the  r e s u l t s  of a numerical  
s tudy  of phase s h i f t s  which a r i s e  i n  c o l l i s i o n s  between molecules 
which i n t e r a c t  according t o  a Lennard-Jones (12,6) p o t e n t i a l .  We 
cons ider ,  i n  p a r t i c u l a r ,  t he  behavior of t he  phase s h i f t s  under 
cond i t ions  such t h a t  t h r e e  c l a s s i c a l  t u rn ing  p o i n t s  e x i s t .  Although 
the  q u a n t i t a t i v e  r e s u l t s  apply t o  t h e  p re sen t  model p o t e n t i a l ,  most 
of t h e  q u a l i t a t i v e  f e a t u r e s  a r e  c h a r a c t e r i s t i c  of any r e a l i s t i c  
in te rmolecular  p o t e n t i a  1. 
The L. -J. (12,6) p o t e n t i a l  func t ionvmay be w r i t t e n  
where 
cpY(v* )  = 4['" - 1 2  - p - 6 3  
i s  the  depth of t h e  p o t e n t i a l  minimum, U- i s  the  s e p a r a t i o n  
a t  which the  p o t e n t i a l  i s  zero,  and 
sepa ra t ion .  The phase s h i f t s ,  *lp , are def ined by the  asymptotic 
form of  the  s o l u t i o n  of t he  r a d i a l  wave equat ion  
ry= % i s  t h e  reduced 
1 
2 
i n  which 
the  r a d i a l  wave funct ion,  E*= E/t 
and 
1 i s  the  angular  momentum quantum number, g4(d i s  
i s  the  reduced c o l l i s i o n  energy, 
i s  t h e  de Boer quantum parameter.  
With such a two cons t an t  p o t e n t i a l  func t ion ,  t h e  phase s h i f t s  
a r e  func t ions  of t h r e e  parameters,  for  example, 1 , E", and A* 
I n  the  present  d i scuss ion ,  however, i t  i s  convenient  t o  consider  a 
somewhat d i f f e r e n t  parameter iza t ion .  For t h i s  purpose, we in t roduce  
the  reduced impact parameter 
where 
and the  reduced angular  momentum 
3 
The reduced e f f e c t i v e  p o t e n t i a l  i s  
the  sum of the  t r u e  p o t e n t i a l  and the  c e n t r i f u g a l  p o t e n t i a l ,  
determined by L” . We s h a l l  consider t he  phase s h i f t s  a s  func t ions  
of L“ , E* , and JL” (or occas iona l ly ,  1 ). 
The e f f e c t i v e  p o t e n t i a l  depends pa rame t r i ca l ly  on the  angular 
momentum, L* . For 
t h i s  func t ion  has both a minimum and a maximum, and thus  f o r  a range 
of energy, t h r e e  c l a s s i c a l  tu rn ing  po in t s  e x i s t .  The e f f e c t i v e  
p o t e n t i a l  f o r  L” =(I.6)’= 1,2649 i s  i l l u s t r a t e d  i n  F ig .  1. 
For t h i s  va lue  of t he  reduced angular momentum, t h r e e  c l a s s i c a l  
t u rn ing  p o i n t s  e x i s t  for  energ ies  i n  the  range 
0.216247 < E ”  < 0.40080y , 
A l l  of the  numerical  values  of t he  phase s h i f t s  presented i n  t h i s  
paper r e f e r  t o  t h i s  value of 
c a l c u l a t i o n s  a r e  r e s t r i c t e d  t o  nine va lues  of t h e  reduced energy. 
F ive  of t hese  va lues  a r e  i n  the range leading  t o  th ree  c l a s s i c a l  
L* . For the  most p a r t ,  t h e  
4 
t u r n i n g  po in t s .  I n  a d d i t i o n  t o  these  va lues ,  one lower va lue  and 
t h r e e  higher va lues  of t h e  energy a r e  considered. 
and these  va lues  of 
For t h e  given L" 
E*, t h e  phase s h i f t  i s  then considered a s  a 
funct. ion of t he  quznturr. p a r m e t e r ,  
A* i s  considered as a continuous 
of course ,  r e s t r i c t e d  t o  va lues  of 
A* . Although i n  t h e  f i g u r e s  
var i a b  l e ,  t h e  c a l c u l a t i o n s  were, 
n' corresponding t o  i n t e g e r  R . 
(The de f i . n i t i on  of t he  phase s h i f t ,  however, may e a s i l y  be genera l ized  
t o  non-integer va lues  o f  R .) 
Numerical Procedures 
The phase s h i f t s  were computed by d i r e c t  numerical  i n t e g r a t i o n  V 
of t h e  r a d i a l  wave equat ion ,  (Eq.  3 ) ,  us ing  Runga-Kutta-Gill and de 
Vogelaere methods. 
a f t e r  four "apparent phase s h i f t s "  agreed t o  w i t h i n  10 r ad ian ,  a 
small  " t runca t ion"  c o r r e c t i o n  was added. The c o r r e c t i o n  t e r m  i s  
based on t h e  use of a JWKB approximation t o  t h e  remaining p o r t i o n  
of wave func t ion .  The added t e r m  on t h e  phase s h i f t  i s  2 A / S E  's* 
where %* i s  t he  va lue  of r a t  which t h e  numerical  i n t e g r a t i o n  
i s  terminated. The r e s u l t i n g  phase s h i f t s  a r e  be l i eved  t o  be 
accu ra t e  t o  t o .  0001 r ad ian .  
The procedure of Ref. 2 was used except  t h a t ,  
-4 
u 5  
* 
R e s u l t s  
Table A l ,  of t h e  Appendix, p r e s e n t s  t h e  r e s u l t s  of t h e s e  
computations and a number of re la ted q u a n t i t i e s  ( t o  be d i scussed ) .  
I n  the  c l a s s i c a l  l i m i t  ( A+o or  t h e  reduced mass p+ 00 ) t h e  
. 
L 
5 
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quantum parameter A*+O ; t h e  magnitude of may, thus,  be 
regarded a s  a measure of t he  quantum cha rac t e r  of t he  c o l l i s i o n .  I n  
the  c l a s s i c a l  l i m i t ,  t he  phase s h i f t  becomes i n f i n i t e  bu t  t he  
product 
taken t o  be the energy, E" , and e i t h e r  L. or the  impact 
Y 
becomes of funct ion of two parameters,  which may be 
parameter, k* Hence i t  i s  convenient t o  introduce the  reduced 
phase s h i f t  
Values of t h i s  q u a n t i t y  a r e  a l s o  tabula ted  i n  Table A l .  
The dependence ,of t he  reduced phase s h i f t ,  ?* , on the  
Y 2  
b 
quantum parameter, A* , f o r  L = 1.6 and a number of values  
of t he  energy i s  i l l u s t r a t e d  i n  F igs .  2 and 3. I n  Fig.  2, t he  
a b s c i s s a  i s  , which according t o  Eq. 7 i s  p ropor t iona l  t o  
I n  Fig.  3,  t he  absc i s sa  i s  I n  Fig.  2, a s  one proceeds t o  
t h e  r i g h t  (smaller  va lues  of 
1 YAY. 
K" . 
) t he  system becomes "more 
c l a s s i c a l " ;  in Fig.  3 the  c l a s s i c a l  l i m i t  i s  approached a t  t he  l e f t .  
ex i s t ence  of t he  minimum and maximum i n  @* implies  t he  
e x i s t e n c e  0.5 a number of quasi-bound or v i r t u a l  s t a t e s  of p o s i t i v e  
energy. 
maximum of , given, i n  t h i s  case,  by Eq. 10. The number of 
v i r t u a l  s t a t e s  i nc reases  a s  the  system becomes more c l a s s i c a l ,  
i . e .  a s  becomes smal le r .  Thus a t  a f ixed  value of E', a 
These are i n  the  energy range between the  minimum and 
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discrete  s e t  of va lues  of ff e x i s t s  f o r  which t h i s  va lue  of 
i s  the energy of a v i r t u a l  s ta te .  
of Jl" a r e  marked by the  passage of a node i n  the  r a d i a l  wave 
E" 
I n  the c a l c u l a t i o n s  these  va lues  
futx t i o n  from the ou te r  c l a s s i c a l  reg ion ,  through the  p o t e n t i a l  
b a r r i e r  ( the c l a s s i c a l l y  forbidden r eg ion )  i n t o  t h e  inner  " c l a s s i c a l "  
reg ion ,  as t h e  va lue  of n" i s  decreased ( a t  cons t an t  
va lue  of 
E' >. The 
/(* a t  which a node f i r s t  e n t e r s  t he  non-c l a s s i ca l  r eg ion  
i s  ind ica t ed  by a mark on the  curves i n  F igs .  2 and 3. I n  the  
neighborhood of each of t hese  va lues  of 
i n c r e a s e s  by n . This  r e s u l t s  i n  a series of maxima i n  t h e  
reduced phase s h i f t ,  y* . As t h e  system becomes more c l a s s i c a l  
t he  maxima occur a t  smaller i n t e r v a l s  i n  
./f , t h e  phase s h i f t  
/f and are more 
"saw tooth"  i n  na tu re .  It i s  seen from Fig .  3 t h a t  a t  e n e r g i e s  
below o r  wel l  above those  lead ing  t o  t h r e e  t u r n i n g  p o i n t s ,  t he  
reduced phase s h i f t  approaches a " c l a s s i c a l  l i m i t ' '  smoothly as 
K* 0 . A t  ene rg ie s  i n  the  t h r e e  t u r n i n g  p o i n t  range,  ry 
o s c i l l a t e s  wi th  i n c r e a s i n g  frequency but  dec reas ing  ampli tude as 
h* 9 0 . Nevertheless ,  a l i m i t  appa ren t ly  e x i s t s .  
For va lues  of L" and E* l ead ing  t o  one c l a s s i c a l  t u r n i n g  
poin t ,  t h e  l i m i t i n g  va lue  of 7' i s  g iven  by t h e  w e l l  known f i r s t -  
o rder  JWBK approximation. 
s h i f t  i n  powers of P lanck ' s  cons t an t  a p p l i c a b l e  t o  c a s e s  i n  which 
any (odd) number of t u r n i n g  p o i n t s  occur has  been d e v e l o p e d q  The 
A more gene ra l  expansion of t h e  phase 
r e s u l t  of t h i s  development i s  t h a t  t h e  reduced phase s h i f t  i s  
7 
expanded i n  powers o f  A*% and may be w r i t t e n  
where 
and 
I The t h r e e  i n t e g r a t i o n s  a r e  over those r eg ions  of Ty f o r  which the  
integrands a r e  r e a l ,  i .e. over the "c l a s s i ca l "  reg ions .  Thus a t  
e n e r g i e s  lead ing  t o  t h r e e  tu rn ing  poin ts ,  7*" and 7*@) each 
c o n s i s t  of two c o n t r i b u t i o n s :  one from the  i n t e g r a t i o n  between the  
two inner  t u rn ing  po in t s ,  i .e .  the "inner" con t r ibu t ion ,  
and one due t o  the  i n t e g r a t i o n  from t h e  outer  t u rn ing  po in t  t o  
i n f i n i t y ,  t h e  "outer" cont r ibu t ion ,  
c o n t r i b u t i o n s  t o  ?*" and ?*(" are  given i n  Table 1, f o r  L*== 1.6 
and s e v e r a l  va lues  of 
3:"' , 
. Values of t h e  two fi) 
E* . 
It fol lows from Eq. 1 2  t h a t  y*(') i s  the  reduced phase s h i f t  
i n  t h e  c l a s s i c a l  l i m i t .  The numerical va lues  of 7*(') given i n  
Table  1 a r e  i l l u s t r a t e d  i n  F ig .  4 .  A t  ene rg ie s  lead ing  t o  t h r e e  
J 
8 
kurning po in t s  t h e  two sepa ra t e  con t r ibu t ions  are i l l u s t r a t e d  i n  
t h i s  f igure .  The lower curve i s  the  "outer" con t r ibu t ion ,  
and the  upper curve i s  the  sum of the  "inner" and "outer"  
con t r ibu t ions ,  + 7 y  . 
The s o l i d  s t r a i g h t  l i n e s  i n  F ig .  3, a t  ene rg ie s  lead ing  t o  one 
7u(') and 7*@) t u r n i n g  point ,  a r e  given by Eq. 7 w i t h  the  va lues  of 
given i n  Table 1. The i n t e r c e p t ,  
JWBK r e s u l t .  
T*", i s  the  usua l  f i r s t  o rder  
It  i s  seen i n  t h i s  f i gu re ,  t h a t  t h e  d e v i a t i o n  of  r* 
t 
9 
from the  h o r i z o n t a l  fo r  E = 0.21  and 0.60 i s  adequate ly  descr ibed 
by the  second order  JWBK r e s u l t ,  i . e .  by the  i n c l u s i o n  of 
The va lues  of 
a r e  ind ica ted  by arrows on the  v e r t i c a l  a x i s  of Fig.  3. These 
7*('), a t  ene rg ie s  lead ing  t o  t h r e e  t u r n i n g  po in t s ,  
confirm t h a t  t he  l i m i t i n g  va lue  of t h e  reduced phase s h i f t  i n  t h e  
t h r e e  tu rn ing  po in t  r eg ion  i s  indeed 
con t r ibu t ions  from t h e  two c l a s s i c a l  r eg ions  as d iscussed  above. 
7* as a func t ion  of -A, 
y4'I) , t h e  sum of the  
U 
The sharp sawtooth behavior of 
(or  ) i n  the t h r e e  tu rn ing  po in t  r e g i o n  i s  due p r i m a r i l y  t o  t h e  
phys ica l ly  u n i n t e r e s t i n g  i n c l u s i o n  of a number of m u l t i p l e s  of 'If 
due t o  the  nodes of t h e  r a d i a l  wave func t ion  i n  t h e  inner  r eg ion .  
Let M be the  number of nodes of t he  r a d i a l  wave func t ion  i n  the  
inner  c l a s s i c a l  and c l a s s i c a l l y  forbidden r eg ions ,  i . e .  t h e  number 
of quasi-bound o r  v i r t u a l  s t a t e s  of energy less than  
M= V + I  , where V i s  t h e  v i b r a t i o n a l  quantum number of t h e  
h ighes t  quasi-bound s t a t e  of energy less than  
E'. Thus 
E*. It i s  then  
u s e f u l  t o  de f ine  a modified phase s h i f t  
% =  3- M n  
i n  which the  c o n t r i b u t i o n  of t h e  v i r t u a l  s t a t e s  i s  excluded. The 
modified reduced phase s h i f t  i s  then def ined as 
I n  Fig.  5, ?* i s  p l o t t e d  as a func t ion  of x'at four va lues  
of E* i n  t he  t h r e e  tu rn ing  poin t  range.  (The small p o r t i o n s  
of t hese  f igu res ,  i . e .  O - O l  , a r e  enlarged i n  F igs  A 1, 2, 
and 3 of t h e  Appendix.) A t  lower va lues  of E" ( i .e .  0.31 and 
0.35) most of t he  o s c i l l a t o r y  behavior of 7* ( c f .  F igs .  2 and 3)  
is  removed by t h i s  procedure.  
I f  the  second order  JWKB con t r ibu t ion  t o  the  phase s h i f t  were 
n e g l i g i b l e ,  one might def ine  a " res idua l"  phase s h i f t  as 
i s  the  "outer" con t r ibu t ion  t o  y*f'). I n  Fig.  A 4 
'' i s  p lo t t ed  a s  a func t ion  of 1 . , The 
where 
of  t h e  Appendix, 
d e v i a t i o n  of the  mean curve from zero,  i .e .  t he  o v e r a l l  t rend , i s  
"I, 
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a s s o c i a t e d  wi th  second order  (and h igher )  JWKB con t r ibu t ions .  
I n  order t o  i s o l a t e  the  sharp  r i seswin  the  phase s h i f t  
assoc ia ted  wi th  b a r r i e r  pene t r a t ion  under resonance condi t ions ,  we 
de f ine  a "resonance" c o n t r i b u t i o n  t o  the  phase s h i f t ,  
by removing the  "mter" con t r ibu t ions  t o  bo th  the  f i r s t  and second 
order  JWKB approximations.  
(" 
7 r , ,  a s  a func t ion  of 1 Fig .  6 i s  a series of p l o t s  of 
a t  va r ious  va lues  of E* .  The "resonance" phase s h i f t s  a r e  
gene ra l ly  well-behaved and wi th  the  except ion of E* = 0.40, small 
i n  magnitude except near t h e  va lues  of 1 corresponding t o  
resonance. The curve a t  E*= 0.40 shows an o v e r a l l  t rend  from 
ze ro  s ince  near the  broad b z r r i e r  maximum t h e  second order  JWKB 
approximation i s  inadequate and the  higher  order  JWKB c o n t r i b u t i o n s  
('1 a r e  s i g n i f i c a n t .  
i n  Fig.  A 4 i n d i c a t e s  t h a t  t he  second-order JWKB t e r m  i s  an over- 
7 r e s  
(Comparison wi th  the  corresponding curve f o r  
c o r r e c t i o n  i n  t h i s  c a s e . )  S imi la r  cons ide ra t ions  apply  t o  t h e  
r eg ion  of small  1 i n  which t h e  quantum parameter ff i s  
s u f f i c i e n t l y  l a rge  t h a t  t he  t runca ted  series i s  no longer adequate.  
Analysis  of Resu l t s  
The e f f e c t  on t h e  phase s h i f t  of t h e  tunne l ing  and p e n e t r a t i o n  
of t h e  c e n t r i f u g a l  b a r r i e r  has been considered by Ford, H i l l ,  
Wakano, and Wheeler On the  b a s i s  of a f i r s t - o r d e r  JWKB 
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approximation, they  obtained an  express ion  fo r  t h e  "resonance 
con t r ibu t ion"  t o  t h e  phase s h i f t .  Thei r  expression,  v a l i d  a t  
ene rg ie s  no t  too  c l o s e  t o  the  b a r r i e r  maximum, i s  ( i n  the  p re sen t  
n o t a t i o n ) :  
where 
i s  the  "ba r r i e r  p e n e t r a t i o n  in tegra l" .  The i n t e g r a t i o n  i n  t h i s  
expres s ion  i s  between t h e  two outer  t u rn ing  po in t s ,  i . e .  over t h e  
c l a s s i c a l l y  forbidden reg ion .  
The b a r r i e r  p e n e t r a t i o n  i n t e g r a l  and t h e  cons tan t ,  C ( L T  E*), 
may, of course,  be evaluated by d i r e c t  quadrature .  A t  e n e r g i e s  
n o t  t o o  f a r  below the  b a r r i e r  maximum, t h e  cons t an t  may a l s o  be 
approximated by use of a parabol ic  approximation f o r  t he  e f f e c t i v e  
n n t e n t i n l  r - ---- -- -- @* . The curva ture  of &* a t  the  b a r r i e r  maximum, 
and t h e  approximation g ives  
b 
1 2  . 
2 
Values of C[L: e*) fo r  
given i n  Table 2 fo r  t he  four  "standard" ene rg ie s  of t he  present  
s tudy.  For t h i s  example, +:,= 0.400804 and #=  1.5478. It i s  
seen  from t h e  t a b l e  t h a t  i n  t h i s  case  the  maximum e r r o r  i n  t h e  
pa rabo l i c  approximation t o  the  i n t e g r a l  i s  about 1 7 %  . 
= 1.6, obtained by the  two methods, are 
From Eq. 19, i t  follows t h a t  t he  resonance cond i t ion  on A i s  
where A, i s  the  va lue  of A l ead ing  t o  t h e  mtl. resonance 
(m = 1,2,3,. . . >. 
p r i n c i p a l  va lue ,  then  a s  
t o  ."-/2, f a l l s  d i scont inuous ly  t o  -vZ and beg ins  t o  r ise 
- I  
I f  t he  d of Eq. 19 i s  i n t e r p r e t e d  as the  
A i nc reases  through 4, , t, rises 
again.  The discont inuous jump of 'IC i s  a s s o c i a t e d  wi th  t h e  
d e f i n i t i o n  of  7 Eq. 15. I f  i n  t h e  second e q u a l i t y  of Eq. 19, 
- I  
i s  replaced by 7 , then  the  va lue  of t h e  cof must be 
determined from the c o n t i n u i t y  of t he  phase s h i f t .  
L e t  us def ine  
13 
and write the  resonance condi t ion,  Eq. 23, i n  the  form 
l -  
' -  
From t h i s  form it follows t h a t  
cond i t ion  of resonance i s  t h a t  
if jt" i s  s u f f i c i e n t l y  small the  
(1 1 M be an i n t e g e r .  From t h e  
d e f i n i t i o n ,  Eq. 24, t h i s  impl ies  t h a t  t he  resonances should be 
e q u a l l y  spaced i n  1 . This  i s  i n  q u a l i t a t i v e  accord wi th  the  
r e s u l t s  shown i n  F igs .  2 and 6. The arrows on t h e  absc i s sae  of 
F igs .  5 and 6 denote t h e  va lues  a t  which 
va lues  of Jl" or 1 a t  which a node of the  r a d i a l  wave func t ion  
e n t e r s  t he  c l a s s i c a l l y  forbidden region, a s  determined by t h e  d i r e c t  
computations) a r e  ind ica ted  by bars  ( l a b e l l e d  by M ) above the  
axis on F ig .  6 .  Although the  semic la s s i ca l  r e s u l t s  a r e  i n  f a i r  
agreement wi th  the  d i r e c t  quantum r e s u l t s ,  t he  d i sc repanc ie s  are 
n o t  n e g l i g i b l e .  
(1) M = 1,2 ,3 , .**  . The 
A s  an  at tempt  t o  improve the  agreement, a second- 
M'I' 
orde r  JWKB analogue of may be def ined as 
It may then  be assumed t h a t  the resonance cond i t ion  i s  t h a t  
. It i s  found t h a t  t h i s  modi f ica t ion  improves 1 2  3 ... 
the p r e d i c t i o n  of the  resonance ene rg ie s .  
, Y J  
The d e t a i l e d  shape of t h e  resonance c o n t r i b u t i o n  t o  the  phase 
s h i f t  i s  a l s o  inf luenced by the  second order  JWKB e f f e c t s .  The 
semi -c l a s s i ca l  express ion  f o r  (" given by Eq. 19 agrees  only 
q u a l i t a t i v e l y  with the  resu l t s  of the  d i r e c t  quantum c a l c u l a t i o n s  
L S  
given i n  Fig.  A 4 of t h e  Appendix. 
t h i s  equat ion may be improved cons iderably  
Empir ical ly ,  i t  i s  found t h a t  
by the  i n t r o d u c t i o n  
of second-order JWKB terms. Thus i t  i s  pos tu l a t ed  t h a t  
It i s  found by comparison wi th  the  numerical  r e s u l t s  of t he  
previous s e c t i o n  t h a t  a l though t h i s  modi f ica t ion  improves the  
agreement and desc r ibes  the  genera l  f e a t u r e s  of t h e  resonance 
phase s h i f t s  q u i t e  we l l ,  i t  i s  not  q u a n t i t a t i v e l y  s a t i s f a c t o r y .  
For example, the  quantum c a l c u l a t e d  curves  of 
( see  Table A 1 and Fig .  6 )  are very  n e a r l y  symmetric about zero  
(with the  except ion  of t he  r e s u l t s  a t  very  low 1 
vs. .! 
r 0s 
and a t  
E+ 2 @* mrUc ), y e t  Eq. 27 p r e d i c t s  an asymmetrp 
I n  the preceding d i scuss ion ,  w e  have considered t h e  resonance 
s t r u c t u r e  of the phase s h i f t  as i s  va r i ed  a t  f i xed  va lues  
of L" and E* . The l i f e t i m e  of a v i r t u a l  s t a t e  and t h e  
width of the resonance c o n t r i b u t i o n  t o  t h e  s c a t t e r i n g  c r o s s  s e c t i o n ,  
however, depend on the  v a r i a t i o n  of t h e  phase s h i f t  w i th  E' f o r  
f ixed  values  of L4 and n* . I n  order  t o  i n v e s t i g a t e  t h e s e  
q u a n t i t i e s ,  a number of computations of a t  c l o s e l y  spaced % 
15 
* 
va lues  of E were carried out .  The c a l c u l a t i o n s  were made i n  the  
r eg ions  of t h e  resonances which occurred a t  t h e  four "standard" 
ene rg ie s  of t h e  p re sen t  s tudy.  The r e s u l t s  of these  resonance scans 
are given i n  Table 3 and some of t he  r e s u l t s  are i l l u s t r a t e d  i n  
F ig .  7. 
I n  the neighborhood of each resonance the  phase s h i f t  a s  a 
func t ion  of E" inc reases  more or less abrup t ly  by about e. 
The "quantum" va lues  o f '  the  resonance energy l i s t e d  i n  Table 3 
are  those  va lues  of 
maximum s lope )  occurs  i n  
E" a t  which a po in t  of i n f l e c t i o n  (a poin t  of 
(E*). The "semi-c lass ica l"  va lue  of 
E:e5 i s  t h a t  a t  which M'" defined by Eq. 26 t akes  on t h e  higher  
7 1  
of the  two i n t e g e r  va lues  ind ica ted  i n  the  
With the  except ion  of t he  one broad resonance a t  
M column of t h e  t a b l e .  
E* = 0.40, t h e  
average e r r o r ' i n  t he  p r e d i c t i o n s  of E:s i s  1 p a r t  i n  3000. 
The gene ra l  problem of p red ic t ing  resonance ene rg ie s  EL:,('!, 1) 
i s  of some importance. 
is, of cobrse,  f ixed  by the  reduced mass and p o t e n t i a l  cons t an t s .  
A t  t h e  d i s c r e t e  va lues  of 
each  of t h e  r o t a t i o n a l  quantum numbers 1 ,  t h e  i n t e g r a l s  
and f" are computed a s  func t ions  of t (by Eqs. i 3  and 1;). 
The reduced resonance ene rg ie s  E w s ( V , l )  are those va lues  of E 
f o r  which the  r i g h t  s i d e  of Eq. 26 t akes  on t h e  i n t e g e r  va lues  
For a p r a c t i c a l  system the va lue  of H 
l 
L* , (given by Eq. 7 )  corresponding t o  
7'*lt) 
-* 
* * 
= v + 1 , where v i s  the v i b r a t i o n a l  quantum number. 
The maximum s lope ,  (dyc/dE)mAx , i s  simply re la ted t o  t h e  
leve l  width r and the  lifetime /r of the  v i r t u a l  s ta te ,  
Ford, H i l l ,  Wakano, and Wheelerwhave developed a n  approximate 
express ion  f o r  t hese  q u a n t i t i e s v  I n  the  p re sen t  no ta t ion ,  t h i s  i s  
where 
and r*= (& i s  a "reduced" l e v e l  width.  Values of 
f o r  t h e  present  example are  given i n  Table 4. Values of (dy,/dEy)wr 
and 
the  d i r e c t  quantum computations i n  Table 3; t h e  r e s u l t s  are i n  
f a i r  agreement. 
F(L:  E') 
r* ' thus  c a l c u l a t e d  a r e  compared wi th  the  resul ts  of 
The reduced t o t a l  s c a t t e r i n g  c r o s s  s e c t i o n  i s  
where 
17 
i s  t h e  p a r t i a l  c r o s s  s e c t i o n  due t o  the  phase. I n  the  r e g i o n  
of a resonance the  corresponding p a r t i a l  c r o s s  s e c t i o n  v a r i e s  
r a p i d l y  wi th  energy, while  t he  remaining c o n t r i b u t i o n s  t o  the  c r o s s  
s e c t i o n  vary  s lowly (on t h e  same scale).  F ig .  7 i l l u s t r a t e s  TL (E*)  
and the  corresponding con t r ibu t ion  Ql'cEp) t o  the  reduced t o t a l  
c r o s s  s e c t i o n  f o r  t he  t h r e e  resonances (Table 3)  of measurable width.  
The p a r t i a l  c r o s s  s e c t i o n  curves are of t h e  t y p i c a l  resonant  
I f  t he  resonances do not s e r i o u s l y  overlap,  t hese  shapes s h a p e y  
should be observable  a s  pe r tu rba t ions  on an  otherwise smooth 
background i n  low energy ( i . e .  , E'S 0.8 ) molecular beam s c a t t e r i n g  
measurements. They should be e a s i l y  d i s t i n g u i s h a b l e  from t h e  broad, 
symmetric ( p o s i t i v e  and negat ive)  undula t ions  i n  Q(E) f o r  E 10.8 
i . e . ,  t he  e x t r e m a - e f f e c x  
resonances i t  should be poss ib l e  t o  i n f e r  cons iderable  informat ion  
about  t he  s c a t t e r i n g  phase s h i f t s  and thus  t h e  i n t e r a c t i o n  p o t e n t i a l  
Y z ,  
> 
From t h e  widths  and shapes of t h e  
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The au tho r s  
Table lv 
0.21 
0 .22  
0.23 
0.31 
0.35 
0.39 
0.40 
0.41 
0.45 
0.60 
0.037795 
0.040865 
0.04407 3 
0.076146 
0.098992 
0.133686 
0.149181 
0.386506 
0.44958 1 
0.482049 
3.914 x ~ O - ~  
4 . 3 6 4 7 ~ 1 0 - ~  0.00382 4.5 128x10- 
4 . 8 6 9 5 ~ 1 0 - ~  0.01383 5 . 0 1 7 7 ~ 1 0 - ~  
1 . 2 8 8 7 ~ 1 0 - ~  0.09024 1.331 x ~ O - ~  
2 .6213~10-~  0.13048 2.675 x ~ O - ~  
1. 3554x10-1 0.18040 1.362 x10-1 
1.8281 0.19943 1.8288 
-3.2096~10-' 
- 7.4 29 3x10- 
- 2 . 9 7 4 2 ~ 1 0 - ~  
- - - - -  
4 / .  Entries  refer t o  the "standard" case of the present study, Le. ,  
an L.-J .  (12,6) potent ia l  with L*2 = 1.6. 
E* 
0.31 
0.35 
0.39 
0.40 
Table 2 
~(1.2649, E*) 
Parabolic approx. Quadratur ew 
1.019 0.971 
0.570 0.514 
0.1212 0.104 
0.00903 0.008 
e - - - -  
\9/From unpublished calculat ions of P.  M. Livingston 
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Table 4 
F(1.2649, E*) 
E* 
F 
0.31  
1 5 . 3  
0.35 
18 .4  
0 .39  
3 1 . 1  
21 
0.40 
38.9 
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APPENDIX 
Table A 1  (1-7)  l ists the  r e s u l t s  of the  main body of 
computations. The column headings have the  fol lowing meanings 
( see  t e x t  for  d e f i n i t i o n s )  : 
' ESTAR E* 
LAMBDAS TAR n* 
L 1 
ETA 
ETASTARTILDA 
ETASTAR 
ETASTARCALC 
7" 
T* 
+I* 
ETARES /q@) 
(reduced energy) 
(quantum parameter ) 
( o r b i t a l  angular momentum or r o t a t i o n a l  
quantum number) 
(phase s h i f t )  
(modified reduced phase)  
(reduced phase) 
( ca l c ' d  v i a  2nd-order JWKB) 
(resonance phase s h i f t )  
M 
Mu 
L n?I 
(node index) 
pfL) (2nd-order JWKB node index)  
F igures  A 1 - 3  a r e  "enlarged" graphs of t he  quantum-computed 
*'L * 3' vs.  f o r  var ious  values  of E . I n  a d d i t i o n  t o  the  four  
"standard" E ' s  ( c f .  F ig .  5), r e s u l t s  a r e  presented a t  E = 0.2i, 
0.22, 0.41, 0.45 and 0.60. The s t r a i g h t  l i n e s  shown rep resen t  t h e  
second-order JWKB c a l c u l a t i o n s .  Occasional ly  the  quantum p o i n t s  a r e  
connected by smooth curves f o r  c l a r i t y .  
b * * 
* * 
P a r t i c u l a r  a t t e n t i o n  i s  ca l l ed  t o  Fig.  A3, E = 0.41  (*-,I; 
23 . 
i t  i s  found t h a t  the  per iod of t h e  o s c i l l a t o r y  p a t t e r n  may be w e l l  
accounted for  by the JWKB express ion  (Eqs. 24 and 25) appropr i a t e  
* *  
*(I) est imated by a s h o r t  e x t r a p o l a t i o n  “7; f o r  E < wi th  a va lue  of 
of t he  e n t r i e s  of Table 1 t o  E = 0.41. 
* 
(1) F i g .  A 4  is a graph s i m i l a r  t o  Fig.  6 ,  bu t  wi th  the  . 
Most of the asymmetry about t he  ze ro  l i n e  i s  removed by inc lud ing  
the  second-order JWKB terms ( c f .  F ig .  6 ) .  
24 
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LEGENDS FOR FIGURES 
1. 
2. 
3. 
)I+ The reduced e f f e c t i v e  p o t e n t i a l  4*(r') for  L = 1.6. Shown 
a r e  a number of va lues  of E i n v e s t i g a t e d .  
Reduced phase a s  a fucc t ion  of 1 f o r  v a r i o u s  va lues  of E , 
a l l  a t  cons tan t  4 (r 1 w i t h  = 1.6.  The v e r t i c a l  b a r s  on 
the  curves a t  the  four "standard" e n e r g i e s  denote va lues  of 2 
a t  which a node e n t e r s  t he  c l a s s i c a l l y  forbidden r e g i o n  (see t e x t ) .  
Note t h e  o s c i l l a t o r y  behavior even for  e n e r g i e s  E* > pmx = 0.4008 
( the  dashed curves) .  
Reduced phase a s  a f u n c t i o n  of K 2  fo r  var ious  va lues  of 
a l l  a t  cons tan t  t*(r*).  
The s o l i d  s t r a i g h t  l i n e s  through the  quantum-computed p o i n t s  a t  
3; 
* * 
* *  
* 
E*, 
The v e r t i c a l  b a r s  a r e  a s  i n  F ig .  2.  
* 
E = 0.21 and 0.60 a r e  second-order JWKB c a l c u l a t i o n s .  The 
o s c i l l a t o r y  behavior a t  
@s i n  F ig .  2 ) .  
denotes t h e  f i r s t - o r d e r  JWKB l i m i t  {'I) ; fo r  E = 0.31 and 
0.40 t he  arrows des igna te  the sum of t h e  inner  and outer  c o n t r i b u t i o n s :  
E" = 0.41 (dashed curve)  i s  t o  be noted 
The arrow on the  o r d i n a t e  s c a l e  for  E* = 0.41 
* 
vf') = 70 *(I) +?:(I) ( see  a l s o  F ig .  4 ) .  The dot ted  l i n e s  
i n d i c a t e  "mean values"  of the o s c i l l a t o r y  reduced phases.  
4.  F i r s t - o r d e r  JWKB reduced phases f " )  v s .  E* f o r  t h e  s tandard 
o*(r*) wi th  L*2 = 1.6 .  The dashed l i n e s  denote the  range of E* 
i n  which t h r e e  t u r n i n g  poin ts  e x i s t  (Eq. 10). I n  t h i s  r e g i o n  
two curves a r e  shown: t h e  lower i s  , t h e  upper i s  the  sum 
26 
7;") +?:(I) (see a l s o  F ig .  3 ) .  The curve l abe l l ed  J . -B.  
represents the  Jeffreys-BOrn approximation fo r  t h e  reduced phase, 
7*= 3n/8E*bJC5 , which becomes ( fo r  L *2 * * 3 / 2  = 1.6) simply 7 = 0.36383 
5. The modified reduced phase ?* v s .  A** f o r  t he  s tandard  ene rg ie s .  
The s o l i d  curves  r ep resen t  the  quantum computations.  
on t h e  ord ina te  scales i n d i c a t e  the  va lues  of The b a r s  on 
the  absc i s sa  (and occas iona l ly  a shaded r eg ion  r e f l e c t i n g  the  range 
of unce r t a in ty )  denote  p o s i t i o n s  of t he  node changes ( c f .  F ig .  2). 
The arrows on t h e  absc i s sa  show t h e  1s t -o rde r  JWKB p r e d i c t i o n s  
( i . e . ,  A 
fo r  E * = 0.39, 0.40 connect p o i n t s  for  which M = h a l f - i n t e g e r .  
The arrows 
*2 f o r  which Pi(') = i n t e g e r ;  c f .  Eq. 24) .  The dashed l i n e s  
6. The resonance phase s h i f t  7::: vs .  ,! a t  t h e  s tandard  ene rg ie s .  
The p o i n t s  are t h e  quantum-computed va lues ,  connected by smooth 
curves.  The v e r t i c a l  b a r s  denote the  node changes ( c f .  F igs .  2 and 
3), wi th  ind ices  M; t h e  arrows show t h e  1s t -o rde r  JWKB p r e d i c t i o n s  
( M ( l )  = i n t e g e r )  as i n  F ig .  5.  
except  near t h e  resonances (except f o r  
(2) Note t h e  near -zero  va lues  of )Ires 
E* = 0.40 and a t  smallR ; 
see text). 
7 .  Resonance d e t a i l  f o r  t h r e e  c a s e s .  The upper curve shows 
* * * %/" v s .  E ; the  lower one Ql vs .  E (see Eq. 31). Depending 
upon the  "ambient" va lue  of 
t he  c r o s s  s e c t i o n s  are obta ined;  t he  minimum i n  
d i f f e r e n t  shapes of resonances  i n  
occurs  when 
s l i g h t l y  
d i f f e r e n t  than  Eres ( t he  p o s i t i o n  of the  i n f l e c t i o n  i n  ?:E*). 
* 1 
QA * 
"'/1 /n i s  i n t e g e r ,  which occurs  ( i n  gene ra l )  a t  a n  E 
* 
. 
* 
r e p r e s e n t s  t h e  "ambient (non-re sonant  ) 
Q123 The dashed l i n e  i n  
c o n t r i b u t i o n  t o  t h e  c r o s s  sec t ion .  The "widths" of t h e  resonances 
are w e l l  approximated by r* (Table 3) .  
#* *2 
A l ,  Modified reduced phase 7 vs. /"L fo r  E* = 0.21, 0 .22  and 0.31. 
* 
Sol id  s t r a i g h t  l i n e s  are second-order JWKB p red ic t ions .  
A2. Same as Fig .  A l ,  f o r  
A 3 .  Same as F igs .  A 1  and A2, f o r  E = 0.41, 0.45 and 0.61. 
A4. Resonance phase s h i f t  7") ( i . e . ,  f i r s t - o r d e r  JWKB) vs.  1 a t  t h e  
E* = 0.35, 0.39  and 0.40. 
* 
r e s  
s tandard  energ ies .  Compare wi th  F ig .  6 ( i . e . ,  second-order JWKB 
approximation).  
27 
* * The o r d i n a t e  on t h e  f i g u r e  for  E = 0.22  l abe l l ed  0.04096 
should read 0.04086. 
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